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The polarizability of molecular hydrogen has been calculated over a range of internuclear separa- 
tions by Hartree-Fock perturbation theory, both coupled and uncoupled, using Gaussian functions 
as basis set. It is shown that a relatively simple function having the proper admixture ofs and p character 
can yield polarizabilities comparable in accuracy with those obtained from highly sophisticated wave- 
functions. 

Die Polarisierbarkeit des Wasserstoffmolektils wurde fiir einen Bereich von Kernabstgnden mit 
Hilfe der gekoppelten als auch der entkoppelten Hartree-Fock-St6rungstheorie mit einer Basis yon 
Gauss-Funktionen berechnet. Es wird gezeigt, dab eine relativ einfache Funktion mit der geeigneten 
Beimischung yon s- und p-Charakter Polarisierbarkeiten ergibt, deren Genauigkeit solchen aus Rech- 
nnngen mit sehr komplizierten Wellenfunktionen vergleichbar ist. 

Calcul de la polarisabilit6 de l'hydrog6ne mol6culaire pour un 6ventail de distances inter- 
nucl6aires par la th6orie des perturbations Hartree-Fock, coupl6e et non coupl6e, dans une base de 
fonctions gaussiennes. Une fonction relativement simple pr6sentant un m61ange convenable de 
caract6re set p fournit des polarisabilit6s, comparables au point de vue pr6cision avec celles obtenues 
~t partir de fonctions d'ondes tr~s 61abor6es. 

1.  I n t r o d u c t i o n  

As pa r t  of  a wider  p r o g r a m  to s tudy  the effect of  in te rmolecu la r  forces on the 
po la r izab i l i t i es  of  in te rac t ing  molecules  El], we have unde r t a ke n  a de ta i led  in- 
ves t iga t ion  of  the  charac te r  of  the  wave- func t ion  in the  t r ea tmen t  of  two inter-  
ac t ing  H - a t o m s  using H a r t r e e - F o c k  p e r t u r b a t i o n  theory  bo th  coup led  and  un- 
coupled.  H a r t r e e - F o c k  p e r t u r b a t i o n  t heo ry  was first suggested by  D a l g a r n o  
as a m e t h o d  of  min imiz ing  the e r ro r  ar is ing f rom the inaccuracy  of the  unpe r tu rbed  
wave funct ion and  app l i ed  by  h im to the  po l a r i za t i on  of  a toms  by  electr ic and  
magne t i c  fields [--2]. The  coup led  ( C H F )  and  uncoup led  ( U H F )  H a r t r e e - F o c k  
a p p r o x i m a t i o n s  of  D a l g a r n o  as well as o ther  techniques  were discussed by  
Cohen  and  R o o t h a a n  [3],  by  Langhoff ,  K a r p l u s  and  by  Hurs t  [4] ;  by  Tuan,  
Epstein,  and  Hirschfe lder  [-5] and  by  M u s h e r  [,6a]. The  m e t h o d  has been a da p t e d  
to  the  t r ea tmen t  of  e l ec t romagne t i c  p rope r t i e s  of  complex  molecules ,  using 
L C A O - M O ' s  to  a p p r o x i m a t e  the  u n p e r t u r b e d  wave- func t ion ,  and  app l i ed  to 
h y d r o c a r b o n s  [-6 b]  and  o ther  p o l y a t o m i c  molecules  [7].  The  theory  has recent ly  
been ex tended  to the  t r ea tmen t  of  d y n a m i c  po la r izab i l i t i es  by  the use of  Pad~ 
A p p r o x i m a n t s  [--8]. 

* Supported by the National Science Foundation; Grant No. GP-8359. 
** Present address: Theoretical Chemistry Department, Cambridge University, Cambridge, 

England. 



p-Character and Polarizability of H 2 39 

In all these methods, knowledge of a manifold of excited state is not required. 
Thus, accurate polarizabilities can now be computed with relative ease by a 
judicious choice of the basis set. The purpose of this paper is to discuss the im- 
portance of p-character in the computation of polarizabilities. 

2. Procedure 

The perturbed Hamiltonian H and wave function 7' in the double perturbation 
theory [-2, 9] are given by 

H= Ho + 2V + #W, (1) 
~ =  ~ 2m#n~ (m'"), 

m,. (2) 

where 2 V is the correction to the Hartree-Fock Hamiltonian Ho, and # W is the 
sum of one-electron operators #~o(i). The energy of the system E can then be 
expressed as 

E = E 2 #"E (3) 
n , r .  

and the polarizability is given by [-6 b] 

= #-1 = - 2  ~ 2mE C"'2) 
/ t = 0  m 

= ~(o) + ~(1) + . . .  (4) 

where a(o) is the zeroth order polarizability, ~(1) the first order polarizability etc. 
as defined by 

~(o)= 2E (~ = -2<7J(~176 ku(o,1)) 

a(1) = _ 22E(I, z) = _ 22 [-( ~u(o, 1) I v -  E (I' ~ ~,(o, 1)} (5) 
+ 2<7,(o,o) I V_E(1,o)[ ~ . . / ( 0 , 2 ) > ]  . 

For a system with 2N electrons in the uncoupled Hartree-Fock scheme we have 

= du[O)(1) uf)(2)  ... 4 (2N) 

7j(o, i) = (E(O, o) _ Ho )- i (i - (9.) (W - E(. ~ i)) 7j~o, o) (6) 

= ~ sCu[~176 ... ull)(i).., u(2~(2N), (7) 
i 

~(o,2) = (E(O,O)_ Ho ) 10 _ (9.) ( W -  E (~ i))(E(O,O) _ Ho)-1 (i - (9.) W 7J. (~176 
2N 

= y '  ,~r176 u(2~ . . .  u12)(i) . . .  u(2~ 
i = 1  

2N-1 2N 

+ ~ Y' agu~~176 @)(i)... U51)(j)... U(0N)(2N) (8) 
i = 1  j = i + l  

where (9, = Ik~(o,o)> < %(o,o) I " 

If polarizability terms of order higher than ~(1) are neglected, the polarizability 
will depend only on {ul ~ and {@)}, where ul ~ and @) are the zeroth and first 
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order one-electron spin orbitals respectively defined by [2, 10] 

h(p) ul~ = e i ul~ (9) 
and 

ull)(p) = [e i - h(p)] -1 on(p) ul~ 

- -  Y '  lu~"~176 ~o(p)u?)(p). (lO) 
n e i  - -  e n  

(n  r i)  

Expression (9) is the well known one-electron Hartree-Fock equation with e~ its 
orbital energy. 

For a closed shell we obtain, on replacing the spin orbitals {ul ~ by the spatial 
orbitals {r [5], 

N 
~(o)= - 4  ~, <r176162 

i - 1  

L d)!o) I d)!l) d)(o)'~ ( d)! i) (D(.o) I r r  > (1) (1) o)r (11) ~ ( a ) =  - 4  { 4 ( r  1) . . . .  j ,-~ . . . . .  - , , - <r r I r  

i , j  

where 
t~(O) [ a (  * ) d)(O) ~) - -  ,j'f r  1) (1)r176 1 2 -  r162 d z  I d z  2 

In the LCAO approximation with basis atomic orbitals given as 
X = <X1, )(2 . . . . .  AM>, we have 

r and r V x r ( 1 )  (12) = / ~ r ~ J r k  . 
r r 

The zero-order linear coefficients. ( ~,~kc'(~ are the solution of the Roothaan equation 
[113 

h C  = S e e  (13) 
where 

and 
h r ~ = ( K I h l X s )  

(14) 
S = X * X  

while the first order linear coefficients -.-(1) /%k } can be obtained directly from the 
{.-.(o)? according to the equation I'-~r k 

u n o c c  

cO.)= y~ <r176176162 ~ c(o) (15) 
ry  ~ r v , j e o c e  �9 

v e j  - -  e v 

If we define the unsymmetric density matrix 
oct 

D~p ~ tr(o)r(1) r~o)rmh (16) 

we have J 

~z(~ = - 2  F D , s (X ,  Io) IX,> ' 
r , s  

~(1)= - 2  ~ D,~G,~, (17) 
r,s 

: ct(o) + ~(1),  
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where 
G.v = y" D , , p E Z ( X . X , , l X a X p )  - ( X ~ , X p l X x X v )  ] . (18) 

However, in the coupled Hartree-Fock method, the wave function 7 ~ is 
approximated by 22 

7 I = d 1 ]  {u}~ + u l ' ) ( i )  + u12)(i) + ' "  "} (19) 
i = 1  

where u~ ~ is the Hartree-Fock solution and satisfies Eq. (9) while ul 1) is the first 
order perturbed orbital which satisfies 

u! 1) = (e i - h) -1  [co + 6 - el I)] ul ~ (20) 

where G is a repulsion operator whose matrix element is defined by Eq. (18). 
The first order linear coefficients {C~au )} must now be determined iteratively 

according to Eq. (21), 

C( t )="  . . . .  (dP~~176  C~ ~ jeocc (21) rj ~, 
v e j  - -  e v 

and the polarizability is given by 

~ =  - 2  Z D x v ( X ~ l c o l X v ) .  (22) 
2, p 

3. Results and Discussion 

The hydrogen molecule is chosen as an illustrative example to discuss the 
role of p-type functions in the computation of polarizabilities. If we assume the 
molecular axis of H 2 lies along the x axis, then the parallel component of the dipole 
polarizability ell can be obtained from Eqs. (17) or (22) by setting co equal to - x .  
Similarly, the perpendicular component of the dipole polarizability e• can be 
obtained by setting o) equal to - y or - z and the mean polarizability is (2e• + eLI)/3. 

The calculations were carried out for a wide range of internuclear separations, 
using Gaussian functions as basis sets. The exponential parameters were taken 
from Longstaff e t  al. [13] and Csizmadia e t  al. [12] for the free hydrogen atom. 
The polarizabilities at the equilibrium internuclear separation were computed 
for various choices of orbitals; the results are shown in Table 1. Table 2 lists the 
polarizabilities over a range of distances computed on the basis of a 2 s + 2 p~ + 2 p, 
Gaussian set. Comparison of the equilibrium polarizability, calculated from the 
2 s + 3P:r - 3 v- Gaussian basis set, with previously calculated results is made in 
Table 3. 

It is seen from Tables 1 and 2 that, although the energy is largely dependent 
on the s character of the function, the polarizability is strongly affected by the 
choice of the p functions. Furthermore, it appears that Cql is dependent only on the s 
and Px functions (x is the direction of the molecular axis), whereas e• along the 
y ( z )  direction depends on the s, px and Py(Pz) characters of the wave-function. 
Strengthening the p-character in a given direction will generally improve the 
component of polarizability in that direction but not necessarily the overall 
polarizability, e. The accuracy of the latter is apparently determined by a proper 
admixture of s, Px and py (Pz) character. 
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The  c o m p u t e d  po la r izab i l i t i es  a t  i n t e rmed ia te  d is tances  seem to be qui te  
r easonab le  and  are  c o m p a r a b l e  wi th  the results  of  K o l o s  et al. [20] and  I sh iguro  
et al. [18 ] .However ,  the results  at  large d is tances  are  poor ,  p r o b a b l y  because  of  the 
b a d  behav io r  of  bo th  the  G a u s s i a n  basis  funct ions  and  the H a r t r e e - F o c k  equat ion.  
The  mos t  accura te  values  were o b t a i n e d  f rom the 2 s +  3Px+ 3 py set, using C H F  
pe r tu rba t ion .  The  va lue  5.3170 a03 for the  equ i l ib r ium po la r i zab i l i ty  so ob ta ined  
differs f rom the exper imen ta l  value  by  on ly  0.3 %. This  degree of  accuracy  could  
no t  have been ach ieved  on  the basis  of  a pure ly  s o rb i t a l  de te rmina t ion .  I t  is 
n o t e w o r t h y  tha t  our  ca lcu la t ions  us ing only  a s imple  eight  t e rm Gauss i an  set 
(but wi th  the p r o p e r  a d m i x t u r e  of  s and  p charac ter )  can yield results  which are 
as g o o d  as or  be t te r  t han  the resul ts  ob ta in  f rom very accura te  and  sophis t ica ted  
wave-funct ions.  This  degree of  accuracy  is achieved only by  the C H F  method .  
The  equ i l ib r ium ~ (see Tab le  2) o b t a i n e d  by  the C H F  m e t h o d  is be t te r  than  the 
resul t  of  I sh iguro  et al. [18] ;  the  opos i t e  is t rue when ca lcu la ted  by the U H F  
method .  

W e  conc lude  tha t  for the d e t e r m i n a t i o n  of  polar izabi l i t i es  the po la r i za t ion  
of  the basis  funct ions  is much  m o r e  i m p o r t a n t  t han  the n u m b e r  of  basis  functions.  
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